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a b s t r a c t
By making use of the well-known assertions in [S.S. Miller, P.T. Mocanu, Differential
Subordinations, Theory and Applications, Marcel Dekker, New York-Basel, 2000] and
[M. Nunokawa, On the order of strongly starlikeness of strongly convex functions, Proc.
Japan Acad. Ser. A Math. Sci. 69 (7) (1993) 234–237], several useful results of certain
inequalities dealing with analytic and univalent functions are obtained and then certain
consequences of them are also indicated.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction and definitions
Let us denote byH(U) the class of all the functions which are analytic and univalent in the unit open disk U = {z ∈ C :
|z| < 1}, and also letAn be the collection of functions f (z) ∈ H(U) normalized such that
f (z) = z + an+1zn+1 + an+2zn+2 + · · · (n ∈ N = {1, 2, 3, . . .}). (1.1)
For the main results, we next need to introduce two notations as in the forms:
V[γ , λ; f ](z) and W[γ , λ; f ](z),
which are defined by
V[λ, γ ; f ](z) ≡
(
zF ′(z)
F (z)
)γ
(1.2)
and
W[γ , λ; f ](z) ≡ γ · F (z)
F ′(z)
·
(
zF ′(z)
F (z)
)′
, (1.3)
where
F (z) := (1− λ)f (z)+ λzf ′(z) (1.4)
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and
z ∈ U; γ ∈ C∗ := C− {0}; 0 ≤ λ ≤ 1; f ∈ An.
Noting that, here and throughout this paper, the value of the complex power given in (1.2) is considered to be as its
principal value.
The purpose of the present investigation is to focus on the certain inequalities concerning analytic andunivalent functions
f (z), given by (1.1), and then to arrive at some useful results between those inequalities obtained from both V[γ , λ; f ](z)
andW[γ , λ; f ](z)defined by (1.2) and (1.3), respectively. For the proofs of themain results given in the next section,we used
different techniques which are in the following forms (Lemmas 1.1–1.3) and for which one can be found more information
in the references in [3–5].
Lemma 1.1. Let the function p(z) be an analytic inUwith p(0) = 1 and p(z) 6= 0 (z ∈ U). Suppose also that there exists a point
z0 ∈ U such that
|arg{p(z)}| < piβ
2
(|z| < |z0|) and |arg{p(z0)}| = piβ2 (β > 0).
Then we have
z0p′(z0) = iκβp(z0),
where
κ ≥ 1
2
(
a+ 1
a
)
when arg{p(z0)} = piβ2 ,
κ ≤ −1
2
(
a+ 1
a
)
when arg{p(z0)} = −piβ2 ,
and
[p(z0)]1/β = ±ia (a > 0).
Lemma 1.2. Let Ω ⊂ C and suppose that the functionψ : C2×U→ C satisfiesψ(Meiθ , Keiθ ; z) 6∈ Ω for all K ≥ Mn, θ ∈ R,
and z ∈ U. If the function p(z) in the classH[a, n] ≡ {p(z) ∈ H(U) : p(z) = a+ anzn + · · · (z ∈ U)} and ψ(p(z), zp′(z); z)
∈ Ω for all z ∈ U, then |p(z)| < M (z ∈ U).
Lemma 1.3. LetΩ ⊂ C and suppose that the functionψ : C2×U→ C satisfiesψ(ix, y; z) 6∈ Ω for all x ∈ R, y ≤ −n(1+x2)/2,
and z ∈ U. If the function p ∈ H[a, n] and ψ(p(z), zp′(z); z) ∈ Ω for all z ∈ U, then<e{p(z)} > 0 (z ∈ U).
2. The main results
By making use of Lemma 1.1, we first prove the following theorem.
Theorem 2.1. Let 0 < β ≤ 1, z ∈ U, and also let f (z),V[γ , λ; f ](z) andW[γ , λ; f ](z) be defined as in (1.1), (1.2) and (1.3),
respectively. Then,
|W[γ , λ; f ](z)| < β H⇒ |arg {V[γ , λ; f ](z)} | < pi
2
β. (2.1)
Proof. Under the hypotheses of the above theorem, if we define an analytic function p(z) in the form:
p(z) = V[γ , λ; f ](z) (z ∈ U; f ∈ An), (2.2)
we then obtain that
|zp′(z)| = |W[γ , λ; f ](z)| · |p(z)|. (2.3)
By applying Lemma 1.1 to the result obtained in (2.3), we next get that∣∣∣∣∣ zp′(z)p(z)
∣∣∣∣
z=z0
∣∣∣∣∣ = |iκβ| ≥ β2
∣∣∣∣a+ 1a
∣∣∣∣ ≥ β,
or, equivalently,
|W[γ , λ; f ](z0)| ≥ β (0 < β ≤ 1; z0 ∈ U)
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which is in contradiction with the hypothesis of the proposition given in (2.1). Hence, in view of Lemma 1.1, the definition
(2.2) immediately yields that
|arg{p(z)}| = |arg{V[γ , λ; f ](z)}| < pi
2
β (0 < β ≤ 1; z ∈ U),
which completes the proof of Theorem 2.1. 
By making use of Lemma 1.2, we second prove the following theorem.
Theorem 2.2. Let M ≥ 1, z ∈ U, n ∈ N, f (z) ∈ An, and also let V[γ , λ; f ](z) andW[γ , λ; f ](z) be defined as in (1.2) and
(1.3), respectively. Then,
<e{W[γ , λ; f ](z)} < nM
1+M H⇒ |V[γ , λ; f ](z)− 1| < M. (2.4)
Proof. Let us define p(z) by
p(z) = V[γ , λ; f ](z)− 1 (z ∈ U; f ∈ An). (2.5)
Then, it is clear that p(z) ∈ H[0, n], and it follows that
zp′(z)
1+ p(z) = W[γ , λ; f ](z) (z ∈ U),
whereW[γ , λ; f ](z) is given by (1.3).
Let
ψ(r, s; z) = s
1+ r and Ω =
{
w ∈ C : <e{w} < nM
1+M
}
,
we then receive that
ψ(p(z), zp′(z); z) = W[γ , λ; f ](z) ∈ Ω
for all z in U. Further, for any θ ∈ R, K > nM , and z ∈ U, due toM ≥ 1 we obtain that
<e {ψ(Meiθ , Keiθ ; z)} = <e( Keiθ
1+Meiθ
)
≥ nM
1+M ,
i.e., ψ
(
Meiθ , Keiθ ; z) 6∈ Ω . Therefore, according to Lemma 1.2, our assumption (2.5) easily arrives at
|p(z)| = |V[γ , λ; f ](z)− 1| < M (z ∈ U;M ≥ 1),
which is the desired proof of Theorem 2.2. 
By making use of Lemma 1.3, we finally prove the following theorem.
Theorem 2.3. Let 0 ≤ µ < 1, z ∈ U, n ∈ N, f (z) ∈ An, and also let V[γ , λ; f ](z) andW[γ , λ; f ](z) be defined as in (1.2)
and (1.3), respectively. Then,
<e{W[γ , λ; f ](z)} > ∆n(µ) H⇒ <e{V[γ , λ; f ](z)} > µ, (2.6)
where
∆n(µ) :=

nµ
2(µ− 1) when µ ∈
[
0,
1
2
]
n(µ− 1)
2µ
when µ ∈
[
1
2
, 1
)
.
(2.7)
Proof. Let us consider a function p(z) as in the form:
p(z) = V[γ , λ; f ](z)− µ
1− µ (0 ≤ µ ≤ 1; z ∈ U; f ∈ An). (2.8)
Then, it is obvious that p(z) ∈ H[1, n], and its certain calculations give us
(1− µ)zp′(z)
µ+ (1− µ)p(z) = W[γ , λ; f ](z) (0 ≤ µ ≤ 1; z ∈ U),
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whereW[γ , λ; f ](z) is given by (1.3). Further, under the conditions of the following definitions:
ψ(r, s; z) = (1− µ)s
µ+ (1− µ)r and Ω = {w ∈ C : <e{w} > ∆n(µ)} ,
where∆n(µ) is given by (2.7), it is easily seen that
ψ(p(z), zp′(z); z) = W[γ , λ; f ](z) ∈ Ω
for all z ∈ U. Further, for any
x ∈ R, y ≤ −n(1+ x
2)
2
and z ∈ U,
we have that
<e{ψ(ix, y; z)} = (1− µ)y
(1− µ)2x2 + µ2
≤ −nµ(1− µ)
2
· x
2 + 1
(1− µ)2x2 + µ2
≤

nµ(µ− 1)
2
· 1
(1− µ)2 if µ ∈
[
0,
1
2
]
nµ(µ− 1)
2
· 1
µ2
if µ ∈
[
1
2
, 1
)
 ≡ ∆n(µ).
i.e., ψ(ix, y; z) 6∈ Ω , where∆n(µ) is given by (2.7).
Finally, due to Lemma 1.3, we obtain from (2.8) that the following inequality:
<e{p(z)} = <e{V[γ , λ; f ](z)} > µ (z ∈ U; 0 ≤ µ ≤ 1),
which is the second assertion of (2.6). Thus it completes the proof of Theorem 2.3. 
Finally, by choosing suitable values of the parameters used in Theorems 2.1–2.3, one can be easily revealed several useful
consequences of the main results which will be important for geometric function theory; see for their details in [1,2] and
also [5]. We want to reveal only two of each one of them and the others will be omitted.
If we first set
γ − 1 = λ = 0 and γ = λ = 1
in Theorem 2.1, respectively, we easily get (i) and (ii) of the following corollary.
Corollary 2.1. Let 0 < β ≤ 1, z ∈ U, n ∈ N, and also let f (z) ∈ An. Then,
(i) If f (z) satisfies the inequality∣∣∣∣1+ z ( f ′′(z)f ′(z) − f ′(z)f (z)
)∣∣∣∣ < β,
then f (z) is strongly starlike function of order β .
(ii) If f (z) satisfies the inequality∣∣∣∣1+ z ( (zf ′(z))′′(zf ′(z))′ − (zf ′(z))′zf ′(z)
)∣∣∣∣ < β,
then f (z) is strongly convex function of order β .
If we next take
γ − 1 = M − α − 1 = λ = 0 and γ = M − α = λ = 1
in Theorem 2.1, respectively, then we receive (i) and (ii) of the following corollary.
Corollary 2.2. Let 0 ≤ α < 1, z ∈ U, n ∈ N, and also let f (z) ∈ An. Then,
(i) If f (z) satisfies the following inequality
<e
{
z
(
f ′′(z)
f ′(z)
− f
′(z)
f (z)
)}
<
(n− 1)(1+ α)− 1
2+ α ,
then the function f (z) is starlike of order α.
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(ii) If f (z) satisfies the following inequality
<e
{
z
(
(zf ′(z))′′
(zf ′(z))′
− (zf
′(z))′
zf ′(z)
)}
<
(n− 1)(1+ α)− 1
2+ α ,
then the function f (z) is convex of order α.
If we finally take
γ − 1 = λ = 0 and γ = λ = 1
in Theorem 2.3, respectively, then we get (i) and (ii) of the following corollary.
Corollary 2.3. Let 0 ≤ α < 1, z ∈ U, n ∈ N, and also let f (z) ∈ An. Then,
(i) If f (z) satisfies the following condition:
<e
{
z
(
f ′′(z)
f ′(z)
− f
′(z)
f (z)
)}
<

2+ (n− 2)µ
2(µ− 1) if µ ∈
[
0,
1
2
]
µ(n− 2)− n
2µ
if µ ∈
[
1
2
, 1
)
,
then f (z) is starlike function of order µ.
(ii) If f (z) satisfies the following condition:
<e
{
z
(
(zf ′(z))′′
(zf ′(z))′
− (zf
′(z))′
zf ′(z)
)}
<

2+ (n− 2)µ
2(µ− 1) if µ ∈
[
0,
1
2
]
µ(n− 2)− n
2µ
if µ ∈
[
1
2
, 1
)
,
then f (z) is convex function of order µ.
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